Abstract. We study Chern characters and the free assembly mapping using the framework of geometric K-homology. The focus is on the relative groups associated with a group homomorphism φ : Γ 1 → Γ 2 along with applications to Novikov type properties. In particular, we prove a relative strong Novikov property for homomorphisms of hyperbolic groups and a relative strong ℓ 1 -Novikov property for polynomially bounded homomorphisms of groups with polynomially bounded cohomology in C and classifying spaces that are locally finite CW-complexes. As a corollary, higher signatures on a manifold with boundary W , with π 1 (∂W ) → π 1 (W ) belonging to the class above, are homotopy invariant.
Introduction
This paper is a continuation of "Relative geometric assembly and mapping cones, Part I: The geometric model and applications" [20] . The geometric constructions in [20] were inspired by the analytic constructions in [9] . In the present paper, we construct Chern characters on the relative K-homology groups and consider relative assembly at the level of homology. These constructions lead to (especially in specific examples) a better understanding of the relative assembly map associated with a group homomorphism φ : Γ 1 → Γ 2 . This assembly map relates the relative K-homology group K * (Bφ) with the relative K-theory group K * +1 (C φ ) of the mapping cone C * -algebra C φ constructed from φ. The definitions of these groups and the assembly map are reviewed in Section 2. In [20] , the relative assembly map was used to obtain vanishing results for manifolds with boundaries in the presence of positive scalar curvature metrics. In the present paper, we consider further applications such as the relative Novikov property of group homomorphisms φ : Γ 1 → Γ 2 .
As mentioned, an analytic version of relative assembly has been studied using localization algebras in [9] . The approach in this paper is based on the geometric model for relative assembly in [20] . This situation can be compared to models for Higson-Roe's analytic surgery group: the analytic model was originally constructed using coarse geometry [26] and later using localization algebras [53] . A geometric model is constructed in [17] based on the ideas of relative constructions in geometric K-homology from [14, 15] . While the two analytically flavoured constructions of Higson-Roe's surgery group, via coarse geometry and localization algebras, come with the flexibility of K-theory, they use non-separable C * -algebras and defining geometric invariants thereon requires substantial work (see for instance [28, 55] The geometric model [17, 18, 19] allows for explicit geometric invariants and, in particular, Chern characters defined at the level of cycles that are related to the higher index theorems of Wahl [49] and Lott [39] . The results in the present paper for the assembly of relative K-groups are closely modelled on the results in [19] for Higson-Roe's surgery group.
Our main results centre on the relationship between relative K-groups and relative homology through the construction of Chern characters. Chern characters have previously been studied in this context in [3, 19] and its relation to BaumConnes' assembly mapping in [2] . A relative Chern character of Dirac operators on manifolds with boundaries was also studied in [38] using relative JLO-cocycles in cyclic theory. The underlying philosophy fits into Baum's approach to index theory, see [3, page 154 ] and the discussion in [4] . We recall its salient points below in Subsection 1.2. Before doing so, we state the main results.
Main results.
The basic setup of the paper is as follows. Let Γ 1 and Γ 2 be countable discrete groups admitting classifying spaces that are locally finite CWcomplexes and φ : Γ 1 → Γ 2 a group homomorphism. We fix Fréchet algebra completions A i of C[Γ i ], i = 1, 2, such that φ extends to a continuous * -homomorphism φ A : A 1 → A 2 . In applications, we often assume that A i are continuously embedded as dense * -subalgebras of some C * -algebras, i.e. admit faithful * -representations on a Hilbert space. It simplifies the situation, but is not needed for the general theory, to assume that φ A is continuous in the topology of the ambient C * -algebras. The examples of ambient C * -algebras to keep in mind are the maximal completions C * max (Γ 1 ) → C * max (Γ 2 ), the reduced completions C * red (Γ 1 ) → C * red (Γ 2 ) and the exact completions C * exact (Γ 1 ) → C * exact (Γ 2 ). We make use of the absolute Chern character ch A : K geo * (pt; A) →Ĥ rel * (A) previously defined in [19, Section 4] (we recall the construction below in Section 2.4.3). Here K geo * (pt; A) andĤ rel * (A) denote the geometric K-homology and topological de Rham homology, respectively, of A as defined in [17] and [19, Section 4] , respectively. There are corresponding relative groups K A natural question is what conditions implies that the relative free assembly map is injective. Whenever µ φ geo : K geo * (Bφ) → K geo * (pt; φ : C * ǫ (Γ 1 ) → C * ǫ (Γ 2 )) is injective (for some C * -completion ǫ) we say that φ has the ǫ-strong relative Novikov property. As was shown in [20, Theorem 4.18] , the strong relative Novikov property implies the relative Novikov property as discussed in [52, Section 12] and [39, Section 4.9] . The relative Novikov property for φ concerns homotopy invariance of higher signatures on manifolds with boundary where the boundary inclusion factors over φ at the level of fundamental groups. When Γ 1 and Γ 2 are torsion-free, the five lemma guarantees that φ has the ǫ-strong Novikov property if Γ 1 and Γ 2 satisfies the ǫ-Baum-Connes conjecture, in this case µ geo φ will even be an isomorphism. In the presence of torsion, there is currently no known relationship between the strong relative Novikov property of φ and the validity of the Baum-Connes conjecture for Γ 1 and Γ 2 respectively, a question we aim to address in future work.
If the group algebras C[Γ 1 ] and C[Γ 2 ] admit suitable completions A 1 and A 2 it is possible to prove the strong relative Novikov property using Chern characters along the same lines as in [11] . A precise condition is provided in Theorem 6.2 and Corollary 6.3. We apply this to hyperbolic groups in Theorem 6.4 and to groups with polynomially bounded cohomology in C in Theorem 6.7. These results read as follows.
Theorem 3.
A homomorphism of hyperbolic groups continuous in the reduced C * -norm has the reduced strong relative Novikov property. Moreover, any polynomially bounded homomorphism of groups with polynomially bounded cohomology in C (see Definition 2.26) will have the ℓ 1 -strong relative Novikov property.
The Novikov property using Banach algebras has recently attracted some attention. For instance in [22] , the Novikov property for ℓ 1 (Γ) was proven for Γ being F ∞ and polynomially contractible -a condition slightly stronger than having polynomially bounded cohomology in C (as in Definition 2.26). The result stated in Theorem 3 will in the absolute case imply the ℓ 1 -strong Novikov property for groups with polynomially bounded cohomology in C. The reader should be wary of the fact that we throughout the paper only consider the geometric version of assembly, and a relation to an analytic version can in general only be expected when the classifying spaces are locally finite CW-complexes.
1.2.
Context in Baum's approach to index theory. We briefly review Baum's approach to index theory as discussed in [3] . The starting point for this approach is two realizations of the generalized homology theory K-homology. For simplicity, suppose X is a compact manifold. The geometric K-homology of X, denoted by K geo * (X), is obtained from cycles of the form (M, E, f ) modulo a geometrically defined relation, see [3] for details; here M is a smooth closed spin c -manifold, E is a smooth Hermitian vector bundle over M , and f : M → X is a continuous map. The analytic K-homology of X, denoted by K ana * (X), is the Kasparov group KK * (C(X), C) [34] . Localization algebras can also be used to obtain an analytic realization of K-homology, see [44, 54] . The cycles in Kasparov's realization of K-homology are Fredholm modules see [27, Chapter 8] for details. There is an isomorphism:
ana * (M ) denotes the analytic K-homology class associated to the Dirac operator twisted by E.
Although, λ is an isomorphism at the level of classes, its direction as a map on cycles has important consequences in index theory. A particularly relevant one for the present paper is the definition of Chern characters. While the Chern character can be defined at the level of geometric cycles (upon changing to a model where the cycles contain connection data), there is no definition of the Chern character as a map defined at the level of Fredholm modules. Nevertheless, one has (see [3, Part 5] for details) the following diagram:
where H dR * (X) denotes the de Rham homology of X. Therefore, using the fact that λ is an isomorphism, one can define the Chern character of a class in the analytic K-homology group to be the Chern character of its preimage under λ. Finding an explicit preimage of particular analytic K-homology classes is the goal of Baum's approach to index theory. Its solution implies an index formula via the Chern character.
The Chern characters constructed in the present paper are motivated by the above and as mentioned are similar to constructions in [19] .
1.3. Notation. We now list the notation used in the paper. The list is complemented by the list of notation in part I of this series of papers [20] . As some of it has been introduced above, the reader can skip this section and return to it only when needed.
We are interested in the relative homology of a mapping h : Y → X. It will sometimes be denoted by [h :
We consider group homomorphisms φ : Γ 1 → Γ 2 of discrete groups. Their classifying spaces are denoted by BΓ i and the associated Γ i -space by EΓ i . We let Bφ : BΓ 1 → BΓ 2 denote the continuous mapping associated with φ.
We will denote Fréchet *-algebras by A. We are interested in the relative setting for a continuous *-homomorphism φ A : A 1 → A 2 . The subscript on φ A is to distinguish it from a group homomorphism φ : Γ 1 → Γ 2 . We sometimes drop the subscript on φ A when the distinction is clear from context. In the cases of interest to us, A is continuously embedded as a dense * -subalgebra of a C * -algebra. Often, but not exclusively, we assume that A is closed under holomorphic functional calculus in the ambient C * -algebra, whenever we do so it will be explicitly stated. C * -algebras are denoted by A and B and for a * -homomorphism φ : A → B, C φ denote its mappings cone.
A homomorphism of abelian groups is said to be a rational/complex isomorphism if it becomes an isomorphism upon tensoring with Q and C, respectively.
Preliminaries
We review the construction of geometric K-homology and noncommutative de Rham homology in this section. We also recall the construction of Chern characters in the absolute setting from [19] . The length of this section is justified by the fact that most results are spread out in the literature or are found only in the C * -algebraic setting.
The results in geometric K-homology are well known for coefficients in a C * -algebra, see [3, 45, 51] , also in the relative setting [16, 20] and to some extent for Banach and Fréchet algebras [17, Appendix] . We mainly use Fréchet algebras where one expects more invariants on its de Rham homology and a relation to C * -algebra K-theory via a dense inclusion. Indeed, the construction of a well behaved Chern character on a C * -algebra depends on the choice of a dense subalgebra analogously to the classical constructions in Chern-Weil theory. The need for choosing dense subalgebras is based on work of Johnson [30] ; Johnson showed that the homology of C * -algebras lack interesting invariants. Fréchet *-algebras will be denoted by A. The examples we have in mind come from completions of group algebras. The reader is encouraged to keep the following examples in mind.
Example 2.1. Let Γ be a finitely generated discrete group with a length function
The length function is said to be of rapid decay if for some s, the identity mapping on the group algebra extends to a continuous inclusion H s L (Γ) → C * red (Γ). If Γ admits a length function of rapid decay, we say Γ has property (RD) and we fix such a length function on Γ. See more in [10, 32] . Hyperbolic groups have property (RD) in word length functions associated with symmetric generating sets, see [21] . An amenable group has property (RD) if and only if it is of polynomial growth, see [ Returning to the relative situation, let Γ 1 and Γ 2 be groups with length functions of rapid decay L 1 and L 2 , respectively. A homomorphism φ : Γ 1 → Γ 2 is said to have polynomial growth if there are
is well defined and continuous.
Example 2.2. For any group Γ we can form the Banach * -algebra ℓ 1 (Γ). The ℓ 1 -algebra depends functorially on Γ. Any homomorphism φ :
is an isomorphism; the Bost conjecture holds as soon as the γ-element equals 1 in KK Ban . There are to date no known counterexamples to this conjecture and it is known in all the known cases where the Baum-Connes conjecture holds. The reader can see [36] for further details.
It is possible to refine ℓ 1 (Γ) after choosing a length function L on Γ. We define the Banach algebras
We note that Γ has polynomial growth if and only if there are s, s 0 ∈ R such that
induces an isomorphism on K-theory. In particular, if Γ satisfies the Bost conjecture and the Baum-Connes conjecture, the mapping
is well defined and continuous. Example 2.3. A standard construction of dense * -subalgebras of a C * -algebra that are closed under holomorphic functional calculus comes from domains of closed derivations. See more in for instance [7, Section 1.2] . Let A be a C * -algebra. Assume that I is a Banach * -algebra with a contractive bimodule action of A such that (aj) * = j * a * for a ∈ A, j ∈ I. Whenever δ is a closed densely defined * -derivation A → I, the space A δ := Dom(δ) is a Banach * -algebra in the * -algebra structure inherited from A and the norm a A δ := a A + δ(a) I . In the case that I is matrix normed and the A-action is completely bounded, it is more natural to norm A δ by means of the continuous homomorphism
Here CB(I) denotes the completely bounded multipliers of I. It follows from [6, Proposition 3.12] that A δ ⊆ A is closed under holomorphic functional calculus. Similar ideas were used in [43] to construct holomorphically closed subalgebras of C * red (Γ), for a hyperbolic group Γ, on which a trace is continuous. While dense * -subalgebras defined as domains of * -derivations are theoretically tractable, their functoriality properties and cocycles are difficult to study. Such derivations arise from bounded and unbounded Fredholm modules. We denote a bounded Fredholm module on A by (π, H, F ) and an unbounded by (π, H, D), the reader can find the definitions thereof in [24, Introduction] , for instance. For an unbounded Fredholm module we set I = B(H). For any * - A concrete example of a spectral triple arising on discrete groups comes from length functions. Let Γ be a discrete group with a proper length function L. We define D L as the positive self-adjoint multiplication operator on
is closed under holomorphic functional calculus for any k ∈ N + ∪ {∞}. In fact, if we let δ e ∈ ℓ 2 (Γ) denote the delta function in e ∈ Γ, we have
. The Connes-Moscovici algebra is to some extent functorial: let φ : Γ 1 → Γ 2 be a group inclusion and L a length function on Γ 2 . We pick a transversal S ⊆ Γ 2 for Γ 2 /Γ 1 . The inclusion φ induces a continuous * -monomorphism φ :
2.1. Geometric K-homology and Fréchet algebra coefficients. We will make use of geometric models for K-homology to place K-theory and K-homology on an equal, geometric footing. For a C * -algebra A, the geometric K-homology of a space X with coefficients in A, K geo * (X; A) has been well studied, see for instance [45, 51] . It is a well known fact that the map (see Theorem 2.5) λ : K geo * (X; A) → KK * (C(X), A) is an isomorphism for a finite CW -complex X, the proof goes as in [5] . Whenever X is a locally finite CW -complex, the same mapping is an isomorphism to the compactly supported version of KK * (C 0 (X), A).
The construction of K geo * (X; A) for a Fréchet * -algebra A is carried out similarly and many properties continue to hold for Fréchet * -algebras. The main difference is that there is in general no obvious relation to the K-theory of A unless A is a Banach * -algebra (see [17, Appendix] ) or more generally if A is closed under holomorphic functional calculus in a Banach * -algebra (see Theorem 2.5).
A locally trivializable bundle E A → X of finitely generated projective A-modules will be referred to as an A-bundle. If X is a manifold, we can up to isomorphism assume that E A is smooth, see [46, Theorem 3.14] . The prototypical example of such a bundle is the Mischchenko bundle, see Equation (2) on page 11. Definition 2.4. Let X be a topological space. A geometric cycle on X is a triple (M, E A , f ) where
If (W, E A , f ) is as above but W is allowed to have boundary, we say that (W, E A , f ) is a geometric cycle with boundary or a bordism in geometric K-homology. We write
The set of isomorphism classes of geometric cycles on X with coefficients in A forms an abelian semigroup under disjoint union of cycles. This set comes equipped with a Baum-Douglas relation: the equivalence relation generated by the equivalence relations disjoint union/direct sum, bordism and vector bundle modification. See more in [3] . We define K geo * (X; A) as the set of equivalence classes. It is a Z/2-graded set, graded by the dimension of the cycle modulo 2. The disjoint union operation makes K geo * (X; A) into a Z/2-graded abelian group. The group K geo * (X; A) is in general difficult to compute, here we give some cases where it is computable. Theorem 2.5. Let A be a Fréchet * -algebra.
(1) If A = A is a C * -algebra, then for any finite CW -complex X the following mapping is an isomorphism:
where
where the direct limit is taken over all compact subsets Y ⊆ X. (2) If A is a Banach * -algebra, the natural mapping K * (A) → K geo * (pt; A) that maps a finitely generated projective module E A to the cycle (pt, E A ) is an isomorphism. (3) If A ⊆Ã is a dense inclusion of Fréchet * -algebras closed under holomorphic functional calculus, the functorially associated mapping K
. Part 2 is proven in [17, Appendix] . To prove 3, we note that under the given assumptions anyÃ-bundle on a topological space Y is isomorphic to one of the form E A ⊗ AÃ and E A is determined uniquely up to isomorphism of A-bundles. Therefore, the sets of isomorphism classes of geometric cycles on X are the same for the two coefficients A andÃ, respectively. Remark 2.6. If there is a mapping φ : A 1 → A 2 that induces an isomorphism on K-theory, and A 2 is holomorphically closed in a Banach * -algebra, Theorem 2.5.3 shows that the mapping K * (A 1 ) → K geo * (pt; A 1 ) from Theorem 2.5.2 is an injection.
Remark 2.7. For a cycle (M, E A ) defining a class in K * (pt; A) where A is a C * -algebra, we let ind
where S M → M denotes the complex spinor bundle that the spin c -structure defines.
Theorem 2.8. Let A be a Fréchet * -algebra. The functor X → K geo * (X; A) is a generalized homology theory. In particular, for any closed subspace Y ⊆ X there is a long 2-periodic exact sequence
is a relative group. It was studied for C * -algebras in [51, Section 2.1]. We use these groups only for A = C; see specifics below in Subsection 2.2. The proof of Theorem 2.8 goes as in [17, Appendix] .
2.2.
Relative geometric K-homology. We recall the central points in the construction of relative geometric K-homology of continuous mappings h : Y → X and continuous * -homomorphisms φ : A 1 → A 2 in this subsection. The case that h is an inclusion was considered in [5, 51] . The details of the standard generalization to any continuous map are given in [20] . The case that φ is a * -homomorphism between C * -algebras was studied in [15] . The example we have in mind arises from a group homomorphism φ : Γ 1 → Γ 2 which induces a continuous mapping Bφ : BΓ 1 → BΓ 2 and, for suitable Fréchet algebra completions Definition 2.9. Let h : Y → X be a continuous mapping of topological spaces. A relative geometric cycle for h is a collection (W, E, (f, g)) where
(1) W is a spin c -manifold with boundary;
is a continuous mapping, where i denotes the boundary inclusion. If ((Z, W ), E, (f, g)) is a collection, with Z being a spin c -manifold with boundary and W ⊆ ∂Z being a regular domain (see [20] ), such that (Z, E, f ) is a geometric cycle with boundary for X and (∂Z \ W
• , E| ∂Z\W , g) is a geometric cycle with boundary for Y , we say that ((Z, W ), E, (f, g)) is a relative geometric cycle with boundary. We write
The set of isomorphism classes of relative cycles for h forms an abelian semigroup under disjoint union. This set is equipped with a Baum-Douglas relation: the equivalence relation generated by the equivalence relations disjoint union/direct sum, bordism and vector bundle modification. We let K geo * (h), or sometimes K geo * (h : Y → X), denote the set of equivalence classes. This set forms a Z/2-graded abelian group where the grading comes from the dimension of (the connected components of the manifold in) the cycle modulo two and the group operation is given by disjoint union. For details, see [20, Section 3] . 
We refer the reader to the proof in [5] where the case of h being an inclusion was considered. As mentioned in [20] , the proofs generalize without major changes. It was proven in [20] that if X and Y are locally finite CW -complexes, K geo * (h : Y → X) is isomorphic to the K-theory of the mapping cone of the functorially associated
at the level of localization algebras. The proof is a straight forward application of the five lemma.
2.2.2.
Geometric models of relative K-theory. There are several models for relative K-theory of a * -homomorphism φ : A 1 → A 2 . The model we discuss is geometric and comes from a particular relative version of geometric K-homology of a point; it is well suited to the geometric assembly map discussed above.
Definition 2.11. Let X be a topological space and φ :
(1) W is a smooth, compact spin c -manifold with boundary;
The set of isomorphism classes of cycles for K geo * (X; φ) forms an abelian semigroup under disjoint union. Again, this set comes equipped with a Baum-Douglas relation (generated by disjoint union/direct sum, bordism and vector bundle modification) and the set of equivalence classes is denoted by K geo * (X; φ). The set K geo * (X; φ) is a Z/2-graded abelian group. The group K geo * (X; φ) depends covariantly on the topological space X in the obvious way and the * -homomorphism φ in the following way. If
We are as mentioned above mainly interested in the case that X is a point. The next theorem summarizes the main properties of K geo * (X; φ), the reader is referred to [15, Theorem 4.21] for a proof of the result. Theorem 2.12. Let X be a topological space and φ :
Remark 2.13. We note the following consequence of Theorem 2.12 and Theorem 2.5. If A 1 and A 2 are closed under holomorphic functional calculus in Banach algebras to which φ extends, a five lemma argument implies that there exists an abstract isomorphism K geo * (pt; φ) ∼ = K * (SC φ ) where
2.3.
Relative assembly and the strong relative Novikov property. The assembly mapping for free actions µ :
) has a geometric description, if BΓ is a locally finite CW -complex, studied in [17, 37] . This fact makes a definition of free assembly possible also for Fréchet algebra completions A of C[Γ], a fact used in [19] . The main object used in free assembly is the Mishchenko bundle
On any cell in BΓ, L A is trivializable to a rank one trivial A-bundle. In particular, for any continuous mapping f : M → BΓ from a smooth manifold M , the A-bundle f * L A → M admits a canonical A-linear unitary flat connection.
Definition 2.14. The free assembly mapping µ
It is clear from the definition that µ A geo is well defined from classes to classes as it preserves the Baum-Douglas relations. By Theorem 2.5, the left hand side K geo * (BΓ) is isomorphic to the compactly supported K-homology of BΓ if it is a locally finite CW -complex. Moreover, it was shown in [37] that under the isomorphisms of Theorem 2.5, µ C * red geo coincides with Kasparov's definition of the free assembly mapping. We now turn to the relative case. The relative free assembly mapping relies on the following lemma, the reader can find its proof in [20 
Theorem 2.16. The free relative assembly map µ
is well defined and fits into a commuting diagram with long 2-periodic exact rows:
The proof of Theorem 2.16 goes mutatis mutandis to [20, Theorem 3.18] . (
In (2), if
* -algebra completions we simply say that φ has the ǫ-strong relative Novikov property. Remark 2.20. The absolute Baum-Connes conjecture for a group Γ implies the strong Novikov conjecture. The Baum-Connes conjecture for two torsion-free groups Γ 1 and Γ 2 , and the five lemma, implies the relative Baum-Connes conjecture for any homomorphism φ : Γ 1 → Γ 2 . However, to the authors knowledge, there is no general way to deduce the strong relative Novikov property from the Baum-Connes property if there is torsion in Γ 1 and Γ 2 .
2.4.
De Rham homology and Chern characters. We now turn to the noncommutative de Rham theory for Fréchet algebras and Chern characters on geometric models, both in the absolute setting. Below in Section 4 we return to the relative setting where the goal is to complete the diagram (3) (see page 11) with an additional level reached through Chern characters describing the situation in homology. We follow the presentation of [19] . [25, 47] .
We letÃ denote the unitalization of an algebra A. Unitalization defines a unital Fréchet algebra from a Fréchet algebra. Definition 2.21. If A is an algebra, we define its de Rham homology H dR * (A) := H * (Ω ab * (Ã)). If A is a Fréchet algebra, we define its topological de Rham homologŷ H dR * (A) as the topological homology ofΩ ab * (Ã) (that is, closed cycles modulo the closure of the exact cycles).
The de Rham homology is related to cyclic homology. We denote the Hochschild complex of an algebra A by C * (A) and the cyclic complex by C λ * (A). We denote the boundary operator on both of these complexes by b. The Hochschild homology will be denoted by HH * (A) and the cyclic homology by HC * (A). For details, see [13, 33] . The S-operator on cyclic homology is constructed in for instance [ [8] . For a group element γ ∈ Γ, we let < γ >⊆ Γ denote its conjugacy class. To shorten notation, we sometimes write R * for HC * (C). The mapping
is defined as the composition:
The last mapping is the projection. The last isomorphism is the Burghelea isomorphism (see [8] ). The set C ′ denotes the set of conjugacy classes of finite order elements, C ′′ the set of conjugacy classes of infinite order elements. The group Γ γ denotes the centralizer of γ and N γ := Γ γ /γ Z . Γ] ), C). To describe this mapping more concretely, we let C * (Γ) denote the complex of group cochains on Γ. For any model of BΓ, H * (C * (Γ)) ∼ = H * (BΓ). We often identify the two cohomology groups. For a group cocycle c ∈ C
Recall our convention to denote the adjointed unit by 1 and the unit in Γ by e. See more in [39, Equation (20), page 209] or [11, Page 377] . In this way we arrive at a pairing We sum up the property above and a property that will come to use in the relative setting into the following definition.
Definition 2.26. Let Γ denote a finitely generated group with a length function L.
•
induces a surjection on cohomology.
• We say that (Γ, L) has polynomially bounded cohomology in C if the inclu-
on cohomology. If a group Γ admits a length function such that (Γ, L) has (PC), or having polynomially bounded cohomology in C, we fix such a length function and simply say that Γ has (PC) or polynomially bounded cohomology in C.
Example 2.27. We now assume that Γ is hyperbolic and consider the Banach * -algebra ℓ 1 (Γ). We have that C k ℓ 1 (Γ) (Γ) consists of the bounded cocycles c ∈ C k (Γ), i.e. those for which there is a constant C such that Proof. We say that a Banach space V is a bounded Γ-module if it admits an action of Γ for which there is a constant C with γ V →V ≤ C for all γ ∈ Γ. We let H * b (Γ, V ) denote the bounded cohomology of Γ with coefficients in V . By [41, Theorem 11] , the mapping H *
is surjective for any bounded Γ-module V when Γ is hyperbolic. This fact and using that hyperbolic groups are F P ∞ (see [23, Theorem 10.2.6] and [1] ), [29, Theorem 2] implies that H * b (Γ, V ) → H * (Γ, V ) is an isomorphism for any bounded Γ-module V . By combining the two results we arrive at the identity H *
2.4.3. Absolute Chern characters. On K-theory, Chern characters are straight forward to define. In [12, 33] among other places, there are Chern characters defined from K-theory into de Rham homology and cyclic homology. When working with the geometric models, Chern characters are defined as in [19, Section 4 ] -a construction built to fit with higher index theory as in [40, 46, 49] .
As before, A denotes a unital Fréchet * -algebra. If E A → W is an A-bundle on a manifold with boundary, an A-linear connection ∇ E is an A-linear operator
, where d W denotes the exterior derivative. A total connection∇ E lifting ∇ E is a linear mapping
We note that if∇ E is a total connection lifting ∇ E , then d E :=∇ E − ∇ E is a "connection in the A-direction" in the sense that, up to a multiplication operator we have the mapping property d E :
is called a cycle with total connection for K geo * (X; A) whenever (M, E A , f ) is a cycle for K geo * (X; A) and∇ E is a total connection for E A . In this case, we say that∇ E is a total connection for the cycle (M, E A , f ).
If X = pt, a cycle with total connection is written simply as (M, E A ,∇ E ). If A = C, we just refer to (M, E, f, ∇ E ) as a cycle with connection. Example 2.31. Here we restrict to a Fréchet * -algebra completion A of the group algebra C[Γ] of a discrete group Γ. Consider a Galois coveringW → W of a manifold (possibly with boundary) with covering group Γ. We consider the associated flat Mishchenko bundle L A :=W × Γ A → W . Since L A is flat, there is a unique hermitean A-linear connection. To define a total connection, we need therefore only specify a connection in the A-direction; that is, a map d
To do so, we follow [40, Proposition 9] 
is equipped with the diagonal action. In particular, any f ∈ C ∞ (W, L A ) can be written as a sum f = γ∈Γ f γ λ γ ∈ C ∞ (W , A) converging on compacts in the topology of A. Here λ γ ∈ C[Γ] ⊆ A denotes the unitary corresponding to γ ∈ Γ. The invariance of f ensures that γ *
We denote the associated total connection by∇ L,h .
Returning to the general case, if∇ E is a total connection on an A-bundle E A → W , we can using the Leibniz rule extend∇ E to an operator that we, by an abuse of notation, denotẽ
Example 2.32. Consider the total connection∇ L,h from Example 2.31. One computes that
This can be considered an element of total degree 2 in Proposition 2.33. Assume that∇ E is a total connection for (W, E A ). Then
Here the right hand side is the Chern form of the restricted total connection∇ E| ∂W on the A-bundle E A | ∂W → ∂W . Theorem 2.34. The Chern character
for some choice of total connection, is a well defined mapping. Moreover, if A is holomorphically closed and dense in a C * -algebra A then
The notation ind AS is discussed in Remark 2.7 (on page 8). Furthermore, the equality in (7) uses the isomorphism K * (A) ∼ = K * (A) and the definition of the Chern character into de Rham homology [33, Chapter I].
Proof. The proof that ch A is well defined follows from standard techniques in ChernWeil theory and Proposition 2.33. Let us prove the identity (7). In K geo * (pt, A) it holds that (M, E A ⊗ A) ∼ (pt, ind AS (M, E A ⊗ A)), see [17, Proof of Lemma 6.9]. Using that A ⊆ A is dense and holomorphically closed, (M, E A ) is equivalent in K geo * (pt; A) to cycle of the form (pt, x), where x is the image of ind AS (M, E A ⊗ A) under the isomorphism K * (A) ∼ = K * (A) which proves (7).
Chern characters on relative K-homology
We first consider Chern characters on relative K-homology. For a continuous map h : Y → X between compact spaces, we will construct ch * : K geo * (h) → H * (h) where H * (h) is the relative homology of h. We identify the case Y = ∅ with the absolute case. The restriction to the absolute case recovers the construction of [2] and [3, Section 11] .
We work with singular homology. Let C sing * (X) denote the complex singular chain complex of a topological space X and C * sing (X) the complex singular cochain complex. The differential in the singular complex will be denoted by ∂. If X is a topological space, we let H sing * (X) denote its singular homology. We consider all homology groups as Z/2Z-graded groups. We recall the following standard fact for the singular chain complex on a manifold. Proposition 3.1. Let W be a manifold (possibly with boundary) and ω a closed differential form on W . For any singular chain σ, the cap product ω ∩ σ is a well defined singular chain and
Proof. Any differential form can be consider a singular cochain via integration. The cap product is a well defined morphism of complexes C − * sing (X)⊗C sing * (X) → C sing * (X) and the proposition follows.
3.1. The absolute situation. Before defining the relative Chern character on Khomology, we recall the absolute situation from [3, Section 11] . To simplify the relative construction, we construct the absolute Chern character ch X : K geo * (X) → H sing * (X) from cycles (equipped with additional data) to cycles. The reader is encouraged to recall the definition of a cycle with connection from Definition 2.29.
Definition 3.2. For a cycle with connection (M, E, f, ∇ E ) for K geo * (X), we define its Chern form as the cycle
where Td(M ) denotes the Todd form of M , Ch(∇ E ) denotes the Chern form of ∇ E and σ M ∈ C sing * (M ) represents the fundamental class of M . Proposition 3.3 (Page 141-142, [3] ). The Chern character
for some choice of connection, is well defined. Moreover, if X is a locally finite CW -complex, ch X is a complex isomorphism. 
Recall that for a manifold with boundary, the fundamental class in homology is a relative class [W ] ∈ H * (W, ∂W ) represented by a relative cycle (σ W , σ ∂W ) ∈ C rel * (i), where i denotes the inclusion i : ∂W ֒→ W .
Remark 3.4.
A special and important case of Proposition 3.1 is the following. Let W be a Riemannian manifold collared near its boundary. Represent the fundamental class in homology by a relative cycle (σ W , σ ∂W ) ∈ C rel * (i). If ∇ E is a connection on a vector bundle E → W , we can from Proposition 3.1 deduce that (Ch(∇ E ) ∧ Td(W )) ∩ σ W is a well defined singular chain such that
In particular, if the boundary of W is empty, (Ch(∇ E ) ∧ Td(W )) ∩ σ W is closed.
We can by the same argument as in the proof of Proposition 3.1 deduce the next result.
Proposition 3.5. For a manifold with boundary W , we let Ω * dR (W ) denote the de Rham complex of differential forms and i : ∂W → W the boundary inclusion. The cap product gives rise to a morphism of complexes
Notation 3.6. If h : Y → X is a continuous mapping of topological spaces we let H rel * (h) denote the homology of C rel * (h). If h is an inclusion, the vector space H rel * (h) can be considered a module for H * sing (X). We remind the reader that we consider all homology groups as Z/2Z-graded groups.
. Moreover, for a continuous mapping h : Y → X, the short exact sequence of complexes
gives rise to a long exact sequence in homology
The proposition follows from the standard construction of long exact sequences in homology. We are now ready to define the Chern character on relative Khomology. We say that (W, E, (f, g), ∇ E ) is a cycle with connection for K geo * (h) if (W, E, (f, g), ∇ E ) is a cycle for K geo * (h) and ∇ E is a Hermitean connection on E that is of product type near ∂W . Definition 3.8. Let h : X → Y be a continuous mapping of compact spaces. Let (W, E, (f, g), ∇ E ) be a cycle with connection for K geo * (h). For a representative (σ W , σ ∂W ) ∈ C rel * (i) of the fundamental class in homology of W we define
As a chain, Ch(W, E, (f, g), ∇ E ) also depends on (σ W , σ ∂W ). We will suppress this dependence in the notation because its choice will by Proposition 3.5 not affect the homology class. Proposition 3.9. The chain Ch(W, E, (f, g), ∇ E ) ∈ C rel * (h) is closed and the associated class
does not depend on the choice of connection nor the choice of (σ W , σ ∂W ).
Proof. 
is a locally finite CW-pair, the vertical mappings are complex isomorphisms.
Proof. By construction, the diagram commutes if the mappings are well defined. By the five lemma, all vertical mappings are complex isomorphisms for locally finite CW-pairs if they are well defined since they are complex isomorphisms in the absolute case for locally finite CW-complexes. Therefore, the proof of the theorem is complete once proving that the Chern character from Equation (8) is well defined from classes to classes, that is, the Chern character respects the disjoint union/direct sum relation, vector bundle modification and the bordism relation. The disjoint union/direct sum relation is trivially satisfied. We leave the proof that the Chern character respects vector bundle modification and bordism to the reader; the proofs follows [19, Section 4] , see [19, Proposition 4.21] and [19, Lemma 4.19] , respectively. See also [3, Section 11] . For simplicity, we often drop the "sing" from the superscript on homology.
Chern characters on relative K-theory
The Chern character we use on relative K-theory uses noncommutative de Rham homology. This is done as in Section 2.4 following the ideas of [19, Section 4] . The usage of noncommutative de Rham homology is compatible with several of the higher index theorems found in the literature [39, 46, 48, 49, 50] 
The relative de Rham homology of φ A is defined as the topological homology of Ω ab * (φ A ) and is denoted byĤ rel * (φ A ). It follows from the construction thatΩ ab * (φ A ) fits into an admissible 1 short exact sequence of complexes
The next proposition follows from the admissibility of this short exact sequence. 
The mapping H 
is called a cycle with total connections for K geo * (pt; φ A ) whenever (W, (E A2 , F A1 , α)) is a cycle for K geo * (pt; φ A ), ∇ E is a total connection for E A2 and∇ F is a total connection for F A1 satisfying that near ∂W ,
In this case, we say that (∇ E ,∇ F ) is a total connection for (W, (E A2 , F A1 , α)).
Remark 4.6. The notion of connection in the context of geometric cycles for surgery was defined in [19, Definition 4.10] . Connections in that context are more complicated due to the existence of "non-easy cycles" (Such cycles are needed in the surgery case because the Mishchenko bundle on the boundary need not extend, see [18, Introduction] for more on this). The distinction between connections and total connections was not emphasized in [19] . 
If ∇ E is a hermitean connection on E, the total connections ∇ E ⊗∇ L,h and
→ ∂W , respectively. Take a cutoff function χ supported in a collar neighborhood of ∂W with χ = 1 near ∂W . The pair
will form a total connection for the cycle µ φ (W, E, (f, g)).
Here α denotes the isomorphism from Lemma 2.15.
Returning to the general case, if (∇ E ,∇ F ) is a total connection for (W, (E A2 , F A1 , α)) we can extend the total connections as in Equation (6) . It follows from Proposition 2.33 that
It follows from Equation (11) that the chain (
Proposition 4.9. The Chern character
, is well defined from cycles to classes. That is, the homology class is independent of the choice of total connection. Remark 4.10. The compatibility condition on the total connections near the boundary (see Equation (10)) can be removed at the cost of transgression terms appearing in Equation (11) and the definition of the Chern character in Proposition 4.9 (cf. [19, Definition 4.14]). We remark that the analogue of the compatibility condition in Equation (10) does not help when defining the delocalized Chern character in [19, Section 4] ; in the present case, it simplifies the computations substantially.
Theorem 4.11. The Chern character defined in Proposition 4.9 induces a well defined mapping ch rel : K geo * (pt; φ A ) →Ĥ rel * (φ A ) that fits into a commuting diagram with exact rows:
The top row is the short exact sequence appearing in the diagram (3) and the bottom row is from Proposition 4.2. The absolute Chern characters ch Ai : K geo * (pt; A i ) → H dR * (A i ) are defined as above in Theorem 2.34. The proof is similar to the analogous result in [19] . An outline is as follows. The diagram commutes so long as the maps are well defined so the theorem follows once the Chern character from Proposition 4.9 is well defined from classes to classes. That is, the Chern character respects the disjoint union/direct sum relation, vector bundle modification and the bordism relation. The disjoint union/direct sum relation is trivially satisfied. The proof that the Chern character respects bordism follows as in [19, Lemma 4.19] and the proof that it respects vector bundle modification follows as in [19 
(φ) (for notation, see Remark 4.3) for any differential form ν on W .
Assembly in homology and index pairings
The free assembly map has an analogue in homology. We consider two different maps: one that uses an inclusion of complexes (see Definition 4.4) and a second version that is better adapted to the free assembly map defined on K-theory. Denote the hyperbolic groups by Γ 1 and Γ 2 and the homomorphism by φ. We will use the dense subalgebras ℓ 1 (Γ i ) ⊆ C * red (Γ i ), i = 1, 2, and the results of Subsection 6.1. Hyperbolic groups satisfy the Bost conjecture and the Baum-Connes conjecture, see [35, 42] , so the inclusions ℓ 1 (Γ i ) ⊆ C * red (Γ i ), i = 1, 2, induce isomorphisms on K-theory. Therefore, the theorem follows from Corollary 6.3 if we can prove that (ℓ 1 (Γ 1 ), ℓ 1 (Γ 2 )) is an admissible pair for the homomorphism φ. We denote the mapping cone of φ * : C * ℓ 1 (Γ 2 ) → C * ℓ 1 (Γ 2 ) by C * ℓ 1 (φ). There is an inclusion C * ℓ 1 (φ) ⊆ C * (φ), we call the elements in this image bounded. We can conclude that (ℓ 1 (Γ 1 ), ℓ 1 (Γ 2 )) is an admissible pair for φ once any cocycle c ∈ C * (φ) is cohomologous to a bounded cocycle by Example 2.27. The cohomology will be denoted by H * ℓ 1 (φ) := H * (C * ℓ 1 (φ)) and we consider the mapping H * ℓ 1 (φ) → H * (Bφ) induced by the inclusion of complexes.
Lemma 6.5. Let φ : Γ 1 → Γ 2 be a homomorphism of hyperbolic groups. The canonical mapping H * ℓ 1 (φ) → H * rel (Bφ) is an isomorphism. In particular, any cocycle c ∈ C * (φ) is cohomologous to a bounded cocycle and (ℓ 1 (Γ 1 ), ℓ 1 (Γ 2 )) is an admissible pair for φ. The lemma now follows from Proposition 2.28 and the five lemma.
Remark 6.6. We remark that by Remark 2.19, the relative Novikov conjecture (homotopy invariance of signatures of manifolds with boundaries) holds for hyperbolic groups.
6.3. Groups with polynomially bounded cohomology in C. In this subsection we consider a polynomially bounded homomorphism φ : Γ 1 → Γ 2 between groups with polynomially bounded cohomology in C (see Definition 2.26).
Theorem 6.7. Let Γ 1 and Γ 2 be two groups with polynomially bounded cohomology in C and φ : Γ 1 → Γ 2 a polynomially bounded homomorphism. Then the free geometric assembly mapping µ φ ℓ 1 geo : K geo * (Bφ) → K geo * (pt; φ ℓ 1 ) is a rational injection.
The proof of Theorem 6.7 goes along similar lines as that of Theorem 6.4, so we only provide the essential points. Since φ is polynomially bounded, it induces a continuous * -homomorphism φ H 
